We study L q -estimates of gradients for evolutional p-Laplacian systems with discontinuous coefficients and external force given by the divergence of BMO-functions. The result obtained here may be regarded as a partial generalization of the Calderon-Zygmund theory in L q -estimate for the parabolic operator of second order to the evolutional p-Laplace operator.
Introduction
Let be a bounded domain in Euclidean space R m , m 2, with smooth boundary * . Let p, 1 < p < ∞. Our work is motivated by a projection operator, denoted by P p , from the Lebesgue space L p ( , R mn ) to their subspace D p ( , R mn ), which consists of gradient vector fields Du of vector-valued functions u in the Sobolev space W 1,p 0 ( , R n ), the completion of the space C ∞ 0 ( , R mn ) with respect to L p norm of the gradient. In the case p = 2, the projection P 2 above is exactly the orthogonal projection between the Hilbert spaces L 2 ( , R mn ) and D 2 ( , R mn ), and is a linear operator. For any F ∈ L p ( , R mn ), the projection P p (F ) of F is defined to be the gradient vector field Du ∈ D p ( , R mn ) given by u ∈ W 1,p 0 ( , R n ) which minimizes the (pth power of) distance from F in L p ( , R mn )
If p is not equal to 2, the operator P p is nonlinear and the Euler-Lagrange equation
is a nonlinear degenerate and singular elliptic system according to the cases p > 2 and 1 < p < 2, respectively, and is called the p-Laplacian system (refer to [11] ). In this paper, we are interested in the negative gradient flow for the variational functional (1.1): For a map u : (0, ∞) × −→ R n , z = (t, x), u(z) = u 1 (z), . . . , u n (z) ,
which is called the evolutional p-Laplacian system. More generally, we consider the evolutional p-Laplacian systems with variable coefficients and external force of divergence form Here and what follows, the summation notation over repeated indices is also adopted. Now we study how the regularity of functions F and G are reflected in one of the solutions to (1.4) under various assumptions on the coefficients. Let us consider a L q -regularity of the gradient of a solution.
Now we review the linear case p = 2, where, by replacing G − F with G, (1.4) becomes the linear parabolic system
If the coefficients are bounded continuous functions, L q -estimates of the gradient for (1.6) follow from the classical L q -theory based on the W
1,2
q -estimate for the heat potentials (see [16, p. 288; Theorem 9.1, pp. 341-342]). It concerns the Calderón-Zygmund theory for the elliptic equations in the stationary case for (1.6) [9, Theorem 9.9, p. 230; Theorem 9.11, . This result is extended by Di Fazio to elliptic equations of divergence form with coefficients of vanishing mean oscillation, called VMO function [6, 13] . On the other hand, based on the so-called Campanato estimates instead of the potential estimates above, L q -estimates for the gradient are obtained for linear nondiagonal elliptic and parabolic systems of divergence form (see [7, pp. 87-89] ; [1, 2, 20] and the references in them). It is shown in [1] that, if p = 2 and the coefficients are VMO functions, then L q -estimate of the gradient holds for any L q -functions G. Campanato estimates also enable us to study the regularity for p-Laplacian systems.
We now consider the nonlinear case p = 2. For stationary p-Laplacian equations, Iwaniec exploits the Fefferman and Stein's inequality for a sharp maximal function to obtain L q -estimates of the gradient [11, 12] . This is extended to the systems by DiBenedetto and Manfredi (see [5, 15] ). In the regularity estimates for p-Laplacian systems, we need to follow the analogous ones to Campanato estimates, that is, the perturbation estimates with the p-Laplacian systems with constant coefficients and only principal part, since we do not have the representation formula for a solution to the p-Laplacian systems, and invoke the estimates for their gradient in L ∞ and mean oscillation. For the stationary p-Laplacian systems with constant coefficients and only principal part, the gradient L ∞ -norm of a solution is bounded only by the L p -norm of the gradient, which is derived from the local maximum principal for subsolutions to the uniformly elliptic operator of divergence form with bounded coefficients (see [5, On the other hand, in the evolution case, the nonhomogeneity of the evolutional pLaplacian operator generates some error term except the L p -norm of the gradient in the bound of the gradient L ∞ -estimate for systems with constant coefficients and only principal part, and its error gives some difficulties in L q -estimates of gradients. Even to obtain a gradient Hölder estimate for (1.4) with "lower" Hölder exponent than one of the given Hölder continuous functions g , F and G, we have to make a technical device to overcome similar difficulties as above (see [17] ).
Kinnunen and Lewis established the Gehring's reverse Hölder inequality for the evolutional p-Laplacian operator to obtain the L q -regularity of the gradient (see [14] , also refer to [18] ) if the exponent q is close to p. In this paper, we study a gradient L q -estimate with a large exponent q for the evolutional p-Laplacian operator, and then show that, for (1.4) with BMO-functions F, G and VMO-coefficients g, a L q -estimate of the gradient holds for any q p. It seems more natural to consider L q -regularity of the gradient for given L q -functions F and G. However, as described above, we are now faced with some difficulty, which concerns the estimate on L ∞ -norm of the gradient for evolutional p-Laplacian systems. Now we set some notations:
and, if no confusion, we omit writing the vertex, Q r, = Q r, (z 0 ).
To state our main result, we recall the definition of the function spaces: Let G ⊂ Q be a domain. Then we define that an integrable function f ∈ L q (G), q 1, is of bounded mean oscillation in G (with respect to L q -norm), referred to as BMO (in G), if, for a positive number ,
holds for a parabolic cylinder P = Q r, (z 0 ) with z 0 = (t 0 , x 0 ) ∈ G, r, > 0 and the integral mean (f ) P of f in P, where size (P) = max{r, 
Here, we make a comment on the constants in our main estimates (1.8). The comes from the Hölder exponent of gradients for the evolutional p-Laplace operator and the 0 and 0 are as in the Gehring inequality, which implies the higher integrability of gradients for the evolutional p-Laplace operator.
For the proof, we use the perturbation argument with the p-Laplacian systems with constant coefficients and only principal part. The main task is to choose the "good" parabolic cylinders on which the L ∞ and Hölder estimates of gradients for such pLaplacian systems can be improved to be well worked in the perturbation arguments. The argument for the proof reminds us of the weak-type estimates for the maximal function, and is also similar to the one by Kinnunen and Lewis to obtain the higher integrability of gradients for evolutional p-Laplacian systems [14] . We employ a Whitney decomposition together with a covering argument to sum up the resulting integral estimates on such "good" local cylinders as above and to obtain the growth estimation for the measure of the upper level set of gradients of solutions with respect to the height of level. Then, we apply the usual integral formula to arrive at the desirable L q -estimates.
Preliminary local estimates
In this section, we gather the local estimates needed in the proof of our main theorem.
Take
Employ the Whitney decomposition to divide
. . . We can refer to [21, p. 339 ] for the precise way of the Whitney decomposition. (also see [7, pp. 126-128] ). This family of cylinders has the following properties: The cylinders P i , i = 1, 2, . . . , are of uniformly bounded overlap and each P (5 
. . , is totally contained in P 1,1 . To make the decomposition result to be well worked in our setting, we divide each P i into two cylinders 2 , i (t i , x i ) and then relabel the resulting cylinders to be
have the uniformly finite overlap and each Q (5 
By translation and scaling transformation,
, use the decomposition as above and make a scaling back to divide
In the following, by a parallel transformation, we assume that z 0 is the origin and put
. Let u be a weak solution of (1.4). First of all, we recall the Gehring inequality available for a solution of (1.4). The proof is referred to in [14, 18] . Let 0 and 0 be positive numbers such that 0 = p m
Lemma 2. Let u be a weak solution of (1.4) with p > 2m m+2 . Then there exist positive constants and C depending only on m, p, and such that
In particular, we see from (2.2) with 
Then there exists a positive constant C depending only on m and p such that
and all positive numbers r,
Here we note the following: Since |Q i | < 1 for all i = 1, 2, . . . , we have that 2−p ( 0 ) 2−p holds for any 0 , and then,
. We see from Lebesgue's differentiation theorem (refer to [20, 5.3 
For all 0 and any
, where i 0 and are determined in (2.4) and (2.5). Then, noting the continuity of integral, we find from (2.6) and (2.8) that, for all 0 and any
hold for all r, 0 r 5hd, and, in particular, for r = 5h 0 and r = 10h 0 .
s−p+2 ; 0 and i 0 is as in (2.4). For brevity, we assume that z 0 is the origin. Put = 2−p and R = 5h 0 . From now on, we proceed to local estimates on Q R 2 ,R and Q ( 0 ) 2 , 0 . We try to improve the L ∞ -estimate and Hölder estimate for the p-Laplacian system with constant coefficients and only principal part in Q R 2 ,R and
where
Here, the existence of a weak solution of (2.11) is shown by the Galerkin method with Eq. (1.4) (refer to [19] 
We now utilize algebraic inequalities
which hold for any P = P i , Q = Q i ∈ R mn with a positive constant C depending only on p, and . Use Hölder's and Young's inequality to make the first term on the right-hand side bounded by
|Du − Dv| p dz
|Du − Dv| p dz 16) where, by boundedness (1.5) of the coefficients, we have the bound for the mean oscillation of the coefficients . The second term is bounded by
For the third term, we make simple calculations
and then we use Hölder's and Young's inequalities successively to have the boundedness for the third term
Combining (2.16), (2.18) and (2.19) with (2.14), using (2.15) and putting a positive number to be small, we choose the positive constant C depending only on p, and to arrive at the desired estimate (2.13). Now we state that the L ∞ -estimate of gradients for (2.11) is improved in the "good" parabolic cylinders. 20) where the positive constant C G is set by
Lemma 4. (L ∞ -estimate). There exists a positive constant C depending only on m, p, , , C and Q such that
.
Proof. Note that (2.11) is rewritten as
and thus v−x ·F is a weak solution to the evolutional p-Laplacian system with constant coefficients and only principal term. Then we have the L ∞ -estimate for gradient of a
First, make the estimation of each term on the right-hand side of (2.14) by Young's and Hölder's inequalities and boundedness (1.5) of coefficients to have
Then, by definition (1.7) of the BMO norm, we have
where we put
We now make the estimation of each term on the right-hand side of (2.25). Since 1 and |Q i 0 | 1, we find by (2.9) that
Also, the direct calculation with (2.9) and (2.10) gives The next estimate concerns the Hölder estimates in the "good" parabolic cylinders.
Lemma 5 (Hölder estimate). There exist positive constants C depending only on m, p, ,
, C, and Q , and < 1 depending only on m and p such that
where the positive constant C G is the same as in Lemma 4.
Proof. From (2.20) with (2.28), we see that 
31). Note that the transformed map v (t, x)
We can evaluate the denominator on the right-hand side of (2.32) 
and then use (2.9) for M to have the desired estimate.
Now we proceed to the proof of Theorem 1 in the degenerate case. Let be a positive number determined later and be a positive number such that 0 . Then, in exactly the same way as in (2.9) which holds for any positive number and all P = (P i ), Q = (Q i ) ∈ R mn , we have, for any positive numbers and , 
where we make the fourth and fifth terms bounded, respectively, by
We proceed to the estimation on the right-hand side in (2.39). Use (2.9) to have
We choose a positive number to be so small that p < 1 and then
We obtain from (2.10) and (2.41)
s−p+2 and using (2.41), we have the boundedness for the sixth term of (2.39) by . Similar to the above, we make the second and fifth terms bounded by
Since, by Definition (2.9) of "good" parabolic cylinders
and note that = to have the estimation 
where we put Note that the set
way as in (2.9) and (2.10) and, thus, we can choose the set
Apply the Vitali-type covering lemma to obtain the family of 
where we use the disjointness of Q i , i = 1, 2, . . . . For a moment, we assume that G is L q -integrable and proceed to our arguments. Integrate both sides of (2.50) on in 0 2 , ∞ to have
By changing variables, integration by parts and Fubini's theorem, we calculate integrals on both sides of (2.51):
Combine (2.51) with (2.52) to have
We choose positive numbers and h small and large enough, respectively, to have
Then we let positive numbers d, and to be so small that
where we use the coefficients g of VMO in Q. Moreover, we choose a positive constant 0 such that
where note that the positive number is determined in (2.41) and, thus, positive numbers h and are depending only on , , m and p. Therefore, we can absorb the second term on the right-hand side into the left-hand side in (2.53). Put 
Now we note (2.48) to rewrite (2.56) for |Du| and recall s = p + in the resulting inequality, and then we observe that Q r 0 ⊂ Q ( 0 ) p , 0 and apply (2.2) with = 0 for the second term on the right-hand side of (2.56) to arrive at the desired estimation (1.8) As a result, we have shown the validity of (1.8), provided G is L q −integrable. Now, we will remove the integrability assumption of G. Let L > 0 be a positive number and put G L = min{G, L}. Then we see that (2.51)-(2.56) hold with G replaced by G L . Finally, we can take the limit as L → ∞ in (2.56) with G replaced by G L and use Fatou lemma to obtain (2.56).
Next, we consider the singular case. by (2.63) that
